We investigate local structure of a three dimensional variety X defined over an algebraically closed field k of characteristic p > 0 with at most canonical singularities. Under the assumption that p 3 and a general hyperplane cut of X has at most rational singularities, we show that local structure of X in codimension two is well understood in the level of local equations. Consequently, we find that i) any singularity of such a variety X in codimension two is compound Du Val, ii) it has a crepant resolution, iii) it is analytically a product of a rational double point and a nonsingular curve when p 3 with two exceptions in p = 3, and iv) R 1 π * OX = R 1 π * KX = 0 holds outside some finite points of X for any resolution of singularities π :X → X.
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Introduction
The notion of canonical singularities was introduced by Reid in [22] as a higher dimensional analogue of rational double points, and played a very important role in the classification theory of algebraic varieties defined over an algebraically closed field of characteristic 0. In positive characteristic, the classification of rational double points was completed by M. Artin in [3] , but nothing seems to be known in higher dimensional cases.
Much inspired by recent progress in the theory of resolutions of singularities of three dimensional algebraic varieties in positive characteristic, especially by Cutkosky [7] , Cossart and Piltant [4, 5] , we attempt to study three dimensional canonical singularities over an algebraically closed field of positive characteristic.
The following fundamental result was achieved by Elkik [10] , Reid [22] and Shepherd-Barron (cf. [23] ) over the field of complex numbers.
Theorem 1. Let V be a normal algebraic variety of dimension three defined over the field of complex numbers with at most canonical singularities. Then the following assertions hold. i) V has at most rational singularities, ii) V is Cohen-Macaulay, iii) V is either nonsingular or locally isomorphic to the ambient space of a trivial one-parameter deformation of a rational double point in codimension two.
We try to generalize this result to threefolds defined over an algebraically closed field k of characteristic p > 0. When considering this problem, one finds that there lie three major obstacles as below:
a) The proof that a general hyperplane section of V has at most rational double points breaks down in positive characteristic, because of the lack of Bertini's theorem. b) Mimicking the characteristic-zero-proof does not give that V is a Cohen-Macaulay scheme in our case, because of the lack of the Grauert-Riemenschneider vanishing theorem. Besides, it is still very difficult to understand the properties of canonical or index 1 covers of the singularity, when the mapping degree is divisible by p. c) A flat family whose general fiber is a germ of a rational double point may no longer be locally a trivial deformation, "A rational double point may have moduli in positive characteristic".
As for the obstacle a), the next example shows that a general member can be nonnormal when we consider a base point free complete linear system of nef and big divisors of a nonsingular threefold.
Example 1. Consider a line
in a projective space P 3 defined over an algebraically closed field of characteristic p > 0. Then blow up π 1 : X 1 → P 3 along with the exceptional divisor E 1 . Choose a nonsingular p e -multisection σ ⊂ E 1 such that the morphism of π 1 | σ : σ → is purely inseparable of degree p e , and blow up π 2 : X 2 → X 1 along σ , with the exceptional divisor E 2 . Then blow up π 3 : X 3 → X 2 along E 1 ∩ E 2 , with the exceptional divisor E 3 . Then blow up π 4 : X 4 → X 3 along E 3 ∩ E 2 , with the exceptional divisor E 4 and denote the whole morphism by π : X 4 → P 3 . Then a general member D ∈ |π * O P 3 (1)| satisfies D ∩ E 4 ⊂ Sing(D).
The following theorem gives some examples concerning the obstacle c). For the classification of rational double points in positive characteristic, see Artin [3] . [13, 14] In particular, X has only rational singularities.
Theorem 2. (See Hirokado, Ito and Saito
So the question may be whether there are some universal rules underlying these phenomena. Our main result is that we can give some answers in codimension two. 
Preliminaries
The following proposition is standard in commutative ring theory. Proof. This is a consequence of Serre's criterion for normality and Theorem 24.5 in [19] . 2
We need the following results from the theory of resolutions of singularities. In [4] and [5] , they achieved a result which is stronger than the one stated here. [7] , Cossart and Piltant [4, 5] 
Theorem 8. (See Cutkosky

Canonical singularities, rational singularities
Since the existence of resolutions of singularities of a threefold X is guaranteed in a form strong enough, we can define canonical singularities as well as rational singularities of X in a way that the choice of resolutions does not affect (cf. [22] ). The dualizing sheaf of an n-dimensional projective
Definition 1.
Let X be a quasi-projective normal variety of dimension two or three over an algebraically closed field k of characteristic p > 0. Then X is said to have only canonical (resp. terminal) singularities, if the following two conditions are satisfied: i) X is Q-Gorenstein, i.e., there exists a positive integer m such that mK X is a Cartier divisor.
ii) There exists a resolution of singularities π :X → X such that mKX ∼ π * (mK X ) + i a i E i with a i 0 (resp. a i > 0) and E := i E i is the irreducible decomposition of the exceptional divisor of π .
For the definition of rational singularities, we use the analogue of the one given by Artin [2] . Definition 2. Let X be a normal variety of dimension two or three over an algebraically closed field k of characteristic p > 0. We say that X has only rational singularities if there exists a resolution of
The following proposition is a consequence of Corollary 10.
Proposition 11. Let X be a normal variety of dimension two or three over k. Then the following assertions hold.
i) The condition ii) in Definition 1 is independent of the choice of the resolution of singularities π :X → X.
ii) The condition in Definition 2 is independent of the choice of the resolution of singularities π :X → X.
Proof. Since the dimension of X is at most three, we have a resolution of singularities (Theorem 8 
Proof. The first equality follows from a standard argument. For the second, we know that there ex- 
the proof of Proposition 11). So we prove that
R i μ * KỸ = 0 holds for a blow-up μ :Ỹ → Y along a nonsingular reduced curve and a reduced point. First suppose that μ is a blow-up along a nonsingular curve. Then for any point y ∈ Y of the center, μ −1 (y) is isomorphic to P 1 . Then the ideal sheaf I :
We have the exact sequence
By the formal function theorem, one has the equality
The vanishing of the right term for i 2 is a consequence of the Grothendieck vanishing theorem, whereas the vanishing for i = 1 follows from the fact KỸ ⊗ OỸ /I ∼ = O P 1 (−1). In the case where the center of the blow-up is a reduced point, the proof can be carried out in a similar way. 2
Remark 2. Wahl proved in [25] the Grauert-Riemenschneider vanishing theorem for two dimensional case.
Singularities of general hyperplane sections
The theme of this section is whether a general hyperplane section of a normal three dimensional variety X which has at most canonical singularities has only rational double points. This is one of the key steps in [22 
where A i 's (resp. B j 's) are exceptional divisors for ξ 1 (resp. ξ ). Then a general hyperplane section H ⊂ X is free from such a singularity as (X 0 , x).
Since we cannot assume ω X 0 is Q-Cartier, we take the pullback in the sense of Mumford.
Proof. Suppose the contrary. Let Σ ⊂ X be an irreducible curve in Sing X . Then a general hyperplane section H ⊂ X intersects Σ transversely by the weak Bertini theorem. Let π 1 : X → X be the blow-up along Σ with the reduced structure. The normality of the surface X 0 ensures that X is regular in codimension one. LetX → X be a resolution of singularities of X and we denote by π the composition morphism followed by π 1 . Since X has at most canonical singularities, we have
with α i 0 and i E i is the irreducible decomposition of the exceptional divisor of π . The total transform of a general hyperplane H by π is an irreducible surface, which we denote byH ⊂X. The adjunction formula says that KH reg is given by
with α i 0 andH reg being the regular part ofH . By restricting the above equality further, we find a contradiction. Thus we obtain the desired assertion. Remark 3. Let (X 0 , x) be a normal surface singularity which is not a rational double point. Then, in characteristic 0, it is known that a general hyperplane section of a normal quasi-projective threefold with at most canonical singularities is free from such a singularity as (X 0 , x). The same statement is expected to hold in characteristic p > 0, but we have not been able to prove this yet.
Structure in codimension two, I
We present here another new example in characteristic three. Proof. i) Blow up the singular locus {x = y = z = 0} of X := Spec R. Then there appears a one dimensional singular locus, and it can be checked that it is locally a trivial deformation of a rational double point of type A 1 . Then a resolution of singularity of X can be achieved by blowing up this reduced one dimensional locus. ii) The adjunction formula tells us that this is indeed a crepant resolution. iii) is proved by local calculation. iv) follows from ii) and the resolution process. v) can be proved as that, in a versal family of an isolated complete intersection singularity (X 0 , x) over the field of complex numbers, a fiber other than the central fiber cannot have the singularity which is isomorphic Table 1 Highest τ -constant family of A n (p 2).
However this is not always the case in positive characteristic, and this kind of phenomenon should be closely looked into. We employ the definitions of deformation functor and its versality (henselian versal) as in [8] , where a versal family is a scheme. We refer the reader to [17] for the cotangent functor T 1 and its properties. We use the normal forms of rational double points given in [3] .
Let us recall Tjurina number of an isolated singularity (X 0 , x) as
The following proposition ensures that the sum of Tjurina numbers of singularities of a fiber gives an upper-semicontinuous function, and it defines a stratification on the base scheme. We follow the convention and omit it. 2 Table 2 Highest τ -constant family of D n (p 3). Table 3 Highest τ -constant family of E 6 (p 3). Table 4 Highest τ -constant family of E 7 (p 3). Table 5 Highest τ -constant family of E 8 (p 3). Proof. This is based on the standard calculation for each concrete family given in the previous theorem. 2
II (i)
Consider the previous family with the reduced base X × S S τ 0 → S τ 0 . Let Σ ⊂ X × S S τ 0 be the critical locus and take the fiber product by Σ → S τ 0 . Then we again use the cotangent functor T Proof. This is an obvious consequence of the previous corollary. 2
Next we discuss the locus over which the fibers have the same type of singularities as each closed fiber. These loci tend to be algebraic, however there is no a priori explanation for this fact yet.
Let f : X → S be an algebraic representative of a versal family of a rational double point (X 0 , x).
The corollary below says that the subset We shall show that this decomposition has a stratification corresponding to the adjacency, and each stratum is given by an algebraic condition. Choose any point t ∈ Σ , and consider the flat family SpecÔ X,x → SpecÔ Σ,t with x ∈ X t ∩ Σ . Since its closed fiber has a single rational double point, this one-parameter family is obtained as a fiber product of a versal deformation of this rational τ 0 has another stratum: In the center is a divisor E over which all the fibers have the same rational double point as the one on the closed fiber. Outside this is another stratum over which all the fibers have another rational double point.
In the latter case, the condition which defines the top stratum E is transferred by the induced morphism SpecÔ Σ,t → (the normalization of S 1 τ 0 ) as the conditionφ = 0 in SpecÔ Σ,t , whereφ is some element of the maximal ideal ofÔ Σ,t . Since O Σ,t is a principal ideal domain, and the above maximal ideal is written as m Σ,tÔΣ,t with the maximal ideal m Σ,t in O Σ,t , it can be seen that the condition ϕ = 0 can be replaced by the condition ϕ = 0 with some ϕ ∈ m Σ,t , which is locally an algebraic condition on the base of X → Σ . Consequently we see that the above decomposition of Σ is algebraic, from which follows the desired result. (X 0 , x) . Since the original family f : X → Σ has a section, the morphism SpecÔ X,x → E factors the critical locus of X × S E → E. We assume that the family X/Σ is not locally a product of a rational double point and a nonsingular curve, and also that a general hyperplane section of X has the same rational double point as the one on the fiber. 
It follows that this morphism SpecÔ
Σ,t ( ∼ = k[[t]]) → Spec k[[t 1 ,
Final remarks
We still do not have a complete answer to the question in Introduction. In this direction, the following may be worth considering. Question 1. Let X be a normal three dimensional variety with at most canonical singularities. If X is 1-Gorenstein, i.e., K X is a Cartier divisor, does it follow that X is Cohen-Macaulay? Question 2. Let X → V be a covering of degree p of a normal three dimensional variety V in characteristic p and we suppose that X is nonsingular. If V has at most canonical singularities, does it follow that V is Cohen-Macaulay?
On the structure in codimension three, we have the following proposition:
Proposition 26. Let X be a normal variety of dimension three with at most canonical singularities, and let x ∈ X be a point of index 1. Then we have an inequality
where π :X → X is a resolution of singularities.
Proof. We already know that R 2 π * OX is supported at finite points of X . Choose one of these points as x, and put E := π −1 (x). Then Since X has only canonical singularities, we have π * KX = ω X , so α is a surjection and dim k H 
